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Generating the mapping class group by torsion
elements of small order.
Naoyuki Monden
Abstract
We show that the mapping class group of a closed oriented surface of
genus at least three is generated by 3 elements of order 3 and by 4 elements
of order 4. Note that the mapping class group cannot be generated by
finitely many torsion elements of same order if genus is equal to one or
two.
1 Introduction
Let Σg denote a closed, oriented surface of genus g, and let Mg denote its
mapping class group, which is the group of homotopy classes of orientation-
preserving homeomorphisms.
The study of generators of Mg was pioneered by Dehn. Dehn [De] proved
that Mg is generated by a finite set of Dehn twists. Lickorish [Li] showed that
3g − 1 Dehn twists generate Mg. This number was improved to 2g + 1 by
Humphries [Hu]. Humphries proved, moreover, that in fact the number 2g + 1
is minimal; i.e. Mg cannot be generated by 2g (or less) Dehn twists.
It is classical problem to find small generating sets and torsion generating
sets forMg. Maclachlan [Ma] proved that the moduli space is simply connected
as a topological space by showing that Mg is generated by torsion elements.
McCarthy and Papadopoulos [MP] proved that Mg is generated by infinitely
many conjugates of a single involution for g ≥ 3. Luo [Luo] discovered a first
finite set of involutions which generate Mg for g ≥ 3. Luo posed the question
of whether there is a universal upper bound, independent of g, for the number
of torsion elements needs to generate Mg. Brendle and Farb answered Luo’s
question. Brendle and Farb [BF] proved that Mg is generated by 3 elements
of order 2g + 2, 4g + 2 and 2 (or g). More, Korkmaz [Ko] showed that Mg
is generated by 2 torsion elements, each of order 4g + 2. Brendle and Farb
[BF] also constructed a generating set of Mg for g ≥ 3 consisting of 6 involu-
tions. Kassabov [Ka] improved their method to show that Mg is generated by
4 involutions if g ≥ 7, 5 involutions if g ≥ 5 and 6 involutions if g ≥ 3.
For all g ≥ 1, the elements of order 2, 3 and 4 are in Mg. In the present
paper, we construct a generating set of Mg consisting of elements of small
order(> 2).
Main Theorem. For g ≥ 3, Mg can be generated by 3 elements of order 3
and by 4 elements of order 4.
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2 Preliminaries
Let c be a simple closed curve on Σg. Then the (right hand) Dehn twist Tc
about c is the homotopy class of the homeomorphism obtained by cutting Σg
along c, twisting one of the side by 360◦ to the right and gluing two sides of c
back to each other. Figure 1 shows the Dehn twist about the curve c. We will
Figure 1: The Dehn twist
denote by Tc the Dehn twist about the curve c.
We recall the following lemmas and theorems.
Lemma 1. For any homeomorphism h of the surface Σg, the Dehn twists
around the curves c and h(c) are conjugate in the mapping class group Mg,
Th(c) = hTch
−1.
Lemma 2. Let c and d be two simple closed curves on Σg. If c is disjoint from
d, then
TcTd = TdTc
Lemma 3. If the geometric intersection number of c and d is one, then
TcTdTc = TdTcTd
Theorem 4 (Lickorish). We denote the curves αi, βi, γi as shown in Figure 2.
Then Mg is generated by Tα1 , · · · , Tαg , Tβ1 , · · · , Tβg , Tγ1 , · · · , Tγg−1 .
Figure 2: Lickorish’s generators
We call Tα1 , · · · , Tαg , Tβ1, · · · , Tβg , Tγ1 , · · · , Tγg−1 Lickorish’s generators.
Theorem 5 (Humphries). Mg is generated by Tα1 , Tα2 , Tβ1 , · · · , Tβg , Tγ1 , · · · , Tγg−1 .
We call Tα1 , Tα2 , Tβ1 , · · · , Tβg , Tγ1 , · · · , Tγg−1 Humphries’s generators.
3 Generating the mapping class group by 3 ele-
ments of order 3
In this section we prove that the mapping class group Mg is generated by 3
elements of order 3. We assume that g ≥ 3.
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3.1 Construction of elements of order 3
We construct two elements of order 3 by cutting and gluing surfaces. We take
the curves x1, x2 and the separating curve δ like Figure 3.
Figure 3: the curves x1, x2, δ
3.1.1 Odd genus
We assume that g is odd. We construct an element f of order 3.
We cut Σg along the curves γ1, γ2, α3 and α2k, γ2k, α2k+1 (k = 2, . . . ,
g−1
2 )
to obtain g−12 surfaces S1, S2,. . . , S g−12
as shown in Figure 4. S1 is a sphere
with 3(g+1)2 boundary components and Sk (k = 2, . . . ,
g−1
2 ) is a pair of pants
bounded by α2k, γ2k, α2k+1.
Figure 4: Cutting the surface
We embed S1, S2,. . . , S g−1
2
in R3 so that they are invariant under 2pi3 -
rotations f1, f2,. . . , f g−1
2
, respectively (cf. Figure 5).
Since the homeomorphisms f1, f2,. . . , f g−1
2
coincide on the boundaries, they
naturally define a homeomorphism f : Σg → Σg of order 3. f acts on the curves
on Σg as follows:
f2(γ1) = f(γ2) = α3, f(β2) = β3,
f2(α2) = f(x2) = x1,
f2(α2k) = f(γ2k) = α2k+1, f(β2k) = β2k+1 (k = 2, . . . ,
g−1
2 ).
We construct an element h of order 3.
We cut Σg along the curves α2j−1, γ2j−1, α2j (j = 1, . . . ,
g−1
2 ) and δ to obtain
g+3
2 surfaces S
′
1, S
′
2,. . . , S
′
g+1
2
, S′g+3
2
as shown in Figure 6. S′1 is a sphere with
3
Figure 5: Z3-symmetry of Σg
Figure 6: Cutting the surface, II
4
3g+1
2 boundary components, S
′
j (j = 1, . . . ,
g−1
2 ) is a pair of pants bounded by
α2j−1, γ2j−1, α2j and S
′
g+3
2
is a torus bounded by δ.
We embed S′1, S
′
2,. . . , S
′
g+1
2
in R3 so that they are invariant under 2pi3 -
rotations h1, h2,. . . , h g+1
2
, respectively (cf. Figure 7). We define that h g+3
2
=
(TβgTαg )
2. Note that h31 = T
−1
δ , h
3
g+3
2
= Tδ and h g+3
2
(αg) = βg.
Figure 7: Z3-symmetry of Σg, II
Since the homeomorphisms h1, h2,. . . , h g+1
2
, h g+3
2
coincide on the bound-
aries, they naturally define a homeomorphism h : Σg → Σg of order 3. h acts
on the curves on Σg as follows:
h(αg) = βg,
h2(α2j−1) = h(γ2j−1) = α2j , h(β2j−1) = β2j (j = 1, . . . ,
g−1
2 ).
3.1.2 Even genus
We assume that g is even. By the similar arguments of the case of odd genus
we construct f and h which are order 3.
We cut Σg along the curves γ1, γ2, α3, δ and α2k, γ2k, α2k+1 (k = 2, · · · ,
g−2
2 )
to obtain g2 surfaces S1, S2,. . . , S g−2
2
, S g
2
as shown in Figure 8. S1 is a sphere
with 3g+22 boundary components, Sk (k = 2, · · · ,
g−2
2 ) is a pair of pants bounded
by α2k, γ2k, α2k+1 and S g
2
is a torus bounded by δ.
We embed S1, S2,. . . , S g−2
2
in R3 so that they are invariant under 2pi3 -
rotations f1, f2,. . . , f g−2
2
, respectively (cf. Figure 9). We define that f g
2
=
(TβgTαg )
2.
5
Figure 8: Cutting the surface, III
Figure 9: Z3-symmetry of Σg, III
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Since the homeomorphisms f1, f2,. . . , f g−2
2
, f g
2
coincide on the boundaries,
they naturally define a homeomorphism f : Σg → Σg of order 3. f acts on the
curves on Σg as follows:
f2(γ1) = f(γ2) = α3, f(β2) = β3,
f2(α2) = f(x2) = x1, f(αg) = βg,
f2(α2k) = f(γ2k) = α2k+1, f(β2k) = β2k+1 (k = 2, · · · ,
g−2
2 ).
We cut Σg along the curves α2j−1, γ2j−1, α2j (j = 1, · · · ,
g
2 ) to obtain
g+2
2
surfaces S′1, S
′
2,. . . , S
′
g+2
2
as shown in Figure 10. S′1 is a sphere with
3g
2
boundary components and S′j+1 (j = 1, · · · ,
g
2 ) is a pair of pants bounded by
α2j−1, γ2j−1, α2j .
Figure 10: Cutting the surface, IV
We embed S′1, S
′
2,. . . , S
′
g+2
2
in R3 so that they are invariant under 2pi3 -
rotations h1, h2,. . . , h g+2
2
, respectively (cf. Figure 11).
Figure 11: Z3-symmetry of Σg, IV
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Since the homeomorphisms h1,h2,. . . , h g+2
2
coincide on the boundaries, they
naturally define a homeomorphism h : Σg → Σg of order 3. h acts on the curves
on Σg as follows:
h2(α2j−1) = h(γ2j−1) = α2j , h(β2j−1) = β2j (j = 1, · · · ,
g
2 ).
3.2 Generating the Dehn twist by 3 elemensts of order 3
We generate the Dehn twist by 3 elements of order 3. The basic idea is to use
the lantern relation which was discovered by Dehn and rediscovered by Johnson
[Jo].
Figure 12: The Lantern Relation
The lantern relation is read as follows :
Tα1Tγ1Tγ2Tα3 = Tα2Tx1Tx2 .
where the curves α1, α2, α3, γ1, γ2, x1 and x2 are shown in Figure 3 and
Figure 12. Since α1, γ1, γ2 and α3 are disjoint each other and α2, x1 and x2, by
Lemma 2 we can rewrite the relation as
Tα1 = (Tα2T
−1
γ1
)(Tx1T
−1
α3
)(Tx2T
−1
γ2
). (1)
We can find that f2(α2) = x1, f
2(γ1) = α3, f(α2) = x2 and f(γ1) = γ2 from
the argument of Section 3.1. By using Lemma 1 we see that
(Tx1T
−1
α3
) = f2(Tα2T
−1
γ1
)f−2
(Tx2T
−1
γ2
) = f(Tα2T
−1
γ1
)f−1.
Since h maps γ1 to α2, we see that
Tα2 = hTγ1h
−1
and
Tα2T
−1
γ1
= hTγ1h
−1T−1γ1 = h(Tγ1h
−1T−1γ1 ).
Let h¯ denote Tγ1h
−1T−1γ1 . We can now rewrite (1) as
Tα1 = (hh¯)(f
2hh¯f−2)(fhh¯f−1). (2)
and hence Tα1 is a product of 3 elements of order 3.
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3.3 Proof that 3 elements of order 3 generate
We prove Theorem.
Theorem 6. If g ≥ 3, Mg is generated by f , h and h¯.
Proof. Let G1 denote the group generated by f , h and h¯. By the relation (2),
Tα1 is in G1.
Let α and β be simple closed curves on Σg. The symbol α
f
−→ β (resp.
α
h
−→ β) means that f(α) = β (resp. h(α) = β).
The Figure 13 shows that we can send α1 to all αi and γi by f and h.
Therefore, Tαi , Tγi ∈ G1 for all i.
Figure 13:
Since h (resp. f) maps αg to βg in the case of odd (resp. even) genus,
Tβg ∈ G1. As shown on Figure 14, we can find that βg can be send to βi for all
i by f and h. These shows that Tβi ∈ G1 for all i.
Figure 14:
Since we show that all Lickorish’s generators are in G1, G1 is equal to Mg.
4 Generating the mapping class group by 4 ele-
ments by order 4
In this section we prove that Mg can be generated by 4 elements of order 4.
The key point is to use chain relation.
4.1 Construction of elements of order 4
We prepare to construct 3 elements of order 4.
We recall chain relation. We say that an ordered set of c1, . . . , cn of simple
closed curves on Σg forms an n-chain if the geometric intersection (ck, ck+1) = 1
for k = 1, . . . , n− 1 and (ck, cl) = 0 if |k − l| ≥ 2. If n is odd, the boundary of
a regular neighborhood of any n-chain has two componets d1 and d2.
The chain relation is read as follow :
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For a given n-chain c1, . . . , cn, if n is odd we have
(Tc1Tc2 · · ·Tcn)
n+1 = Td1Td2
We denote the simple closed curves α′1, . . . , α
′
g, s and the separating curves
δ1, . . . , δg−1 as shown on Figure 15.
Figure 15: The simple closed curves α′1, . . . , α
′
g, s and the separating curves
δ1, . . . , δg−1
We note that α1 = α
′
1 and αg = α
′
g.
For i = 1, 2, . . . , g − 2 we define
ρi = (Tαi+2Tβi+2Tγi+1Tβi+1TγiTβiTα′i)
2.
We can find that the boundary components of a regular neighborhood of 7-chain
αi+2, βi+2, γi+1, βi+1, γi, βi, α
′
i are δi+2 and δi−1 like Figure 16. We note that
Figure 16:
δ0 and δg is trivial. By chain relation, we have
ρ4i = (Tαi+2Tβi+2Tγi+1Tβi+1TγiTβiTα′i)
8 = Tδi+2Tδi−1 .
For each i we see that ρi acts on the curves on Σg as follow:
ρ3i (αi+2) = ρ
2
i (γi+1) = ρi(γi) = α
′
i, ρ
2
i (βi+2) = ρi(βi+1) = βi.
In paticular we note that ρ1(α2) = x1.
We define
ρ′ = (Tγ2Tβ3Tα3TsTγ1Tβ1Tα′1)
2.
We see that the boundary component of a regular neighborhood of 7-chain γ2,
β3, α3, s, γ2, β2, α
′
1 in Figure 17 is δ3. By chain relation we have (ρ
′)4 = Tδ3 .
ρ′ acts on the curves on Σg as follow:
(ρ′)3(γ2) = (ρ
′)2(α3) = ρ
′(γ1) = α
′
1, (ρ
′)3(x2) = (ρ
′)2(α2) = ρ
′(x2) = α2.
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Figure 17:
In paticular we note that ρ′(α2) = x2.
We define
τi = (Tα′
i+2
Tβi+2Tγi+1Tβi+1TγiTβiTαi)
2
We can find that the boundary components of a regular neighborhood of 7-
chain α′i+2, βi+2, γi+1, βi+1, γi, βi, αi are δi+2 and δi−1 like Figure 18. By
chain relation we have τ4i =(Tα′i+2Tβi+2Tγi+1Tβi+1TγiTβiTαi)
8=Tδi+2Tδi−1 .
Figure 18:
For each i we see that τi acts on the curves on Σg as follow:
τ3(α′i+2) = τ
2(γi+1) = τ(γi) = αi τ
2(βi+2) = τ(βi+1) = βi.
For j = 1, 2, . . . , g we define
σj = TαjTβjTα′j .
We can find that the boundary components of a regular neighborhood of 3-chain
αj , βj , α
′
j like Figure 19 is δj and δj−1. By Lemma 3 and chain relation we
have τ4j = TδjTδj−1 .
Figure 19:
For each j we see that σj(αj)=TαjTβjTα′j (αj)=βj .
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4.1.1 The genus is 3m
We assume that g = 3m. We construct an element φ of order 4. We define
φ =
{
ρ−1g−2ρg−5 · · · ρ
−1
7 ρ4ρ
−1
1 (m(=
g
3 ) is odd)
ρg−2ρ
−1
g−5 · · · ρ
−1
7 ρ4ρ
−1
1 (m is even).
We can find that φ4 = T∓1δg−3(Tδg−3Tδg−6)
±1 · · · (Tδ9Tδ6)
−1(Tδ6Tδ3)T
−1
δ3
= 1.
φ acts on the curves on Σg as follow:
α2 = φ(x1),
φ3(α′1) = φ
2(γ1) = φ(γ2) = α3, φ
2(β1) = φ(β2) = β3
α′4 = φ(γ4) = φ
2(γ5) = φ
3(α6), β4 = φ(β5) = φ
2(β6)
...
...
φ3(α′g−2) = φ
2(γg−2) = φ(γg−1) = αg, φ
2(βg−2) = φ(βg−1) = βg (m is odd),
(α′g−2 = φ(γg−2) = φ
2(γg−1) = φ
3(αg), βg−2 = φ(βg−1) = φ
2(βg) (m is even)).
We construct an element ψ of order 4. We define
ψ =
{
ρ−1g−2ρg−5 · · · ρ
−1
7 ρ4ρ
′−1 (m(= g3 ) is odd)
ρg−2ρ
−1
g−5 · · · ρ
−1
7 ρ4ρ
′−1 (m is even).
We can find that ψ4 = 1. Since ρ′(α2) = x2 and ρ
′(γ2) = α3, we can easily
find that ψ−1(α2) = x2 and ψ
−1(γ2) = α3.
We construct an element ω of order 4. We define
ω =
{
σ−1g σg−1τ
−1
g−5τg−8 · · · τ8τ
−1
5 τ2σ
−1
1 (m(=
g
3 ) is odd)
σgσ
−1
g−1τg−5τ
−1
g−8 · · · τ8τ
−1
5 τ2σ
−1
1 (m is even).
We can find that ω4 = 1.
ω acts on the curves on Σg as follow:
α1 = ω(β1),
ω3(α2) = ω
2(γ2) = ω(γ3) = α
′
4, ω
2(β2) = ω(β3) = β4,
α5 = ω(γ5) = ω
2(γ6) = ω
3(α′7), β5 = ω(β6) = ω
2(β7),
...
...
ω3(αg−4) = ω
2(γg−4) = ω(γg−3) = α
′
g−2, ω
2(βg−4) = ω(βg−3) = βg−2 (m is odd),
(αg−4 = ω(γg−4) = ω
2(γg−3) = ω
3(α′g−2), βg−4 = ω(βg−3) = ω
2(βg−2) (m is even)).
4.1.2 The genus is 3m+ 1
We assume that g = 3m+ 1.
We define
φ =
{
σgρ
−1
g−3ρg−6 · · · ρ
−1
7 ρ4ρ
−1
1 (m(=
g−1
3 ) is odd)
σ−1g ρg−3ρ
−1
g−6 · · · ρ
−1
7 ρ4ρ
−1
1 (m is even).
φ acts on the curves on Σg as follow:
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α2 = φ(x1),
φ3(α′1) = φ
2(γ1) = φ(γ2) = α3, φ
2(β1) = φ(β2) = β3,
α′4 = φ(γ4) = φ
2(γ5) = α6, β4 = φ(β5) = φ
2(β6)
...
...
φ3(α′g−3) = φ
2(γg−3) = φ(γg−2) = αg−1, φ
2(βg−3) = φ(βg−2) = βg−1 (m is odd),
(α′g−3 = φ(γg−3) = φ
2(γg−2) = φ
3(αg−1), βg−3 = φ(βg−2) = φ
2(βg−1) (m is even)).
We define
ψ =
{
ρ−1g−2ρg−5 · · · ρ
−1
7 ρ4ρ
′−1 (m(= g−13 ) is odd)
ρg−2ρ
−1
g−5 · · · ρ
−1
7 ρ4ρ
′−1 (m is even).
We note that ψ−1(α2) = x2 and ψ
−1(γ2) = α3.
We define
ω =
{
τ−1g−2τg−5 · · · τ8τ
−1
5 τ2σ
−1
1 (m(=
g−1
3 ) is odd)
τg−2τ
−1
g−5 · · · τ8τ
−1
5 τ2σ
−1
1 (m is even).
ω acts on the curves on Σg as follow:
α1 = ω(β1),
ω3(α2) = ω
2(γ2) = ω(γ3) = α
′
4, ω
2(β2) = ω(β3) = β4,
α5 = ω(γ5) = ω
2(γ6) = ω
3(α′7), β5 = ω(β6) = ω
2(β7),
...
...
ω3(αg−2) = ω
2(γg−2) = ω(γg−1) = α
′
g, ω
2(βg−2) = ω(βg−1) = βg (m is odd),
(αg−2 = ω(γg−2) = ω
2(γg−1) = α
′
g, ω
2(βg−2) = ω(βg−1) = βg (m is even)).
4.1.3 The genus is 3m+ 2
We assume that g = 3m+ 2 (m ≥ 2).
We define
φ =
{
σ−1g σg−1ρ
−1
g−4ρg−7 · · · ρ
−1
7 ρ4ρ
−1
1 (m(=
g−2
3 ) is odd)
σgσ
−1
g−1ρg−4ρ
−1
g−7 · · · ρ
−1
7 ρ4ρ
−1
1 (m is even).
φ acts on the curves on Σg as follow:
α2 = φ(x1),
φ3(α′1) = φ
2(γ1) = φ(γ2) = α3, φ
2(β1) = φ(β2) = β3,
α′4 = φ(γ4) = φ
2(γ5) = φ
3(α6), β4 = φ(β5) = φ
2(β6),
...
...
φ3(α′g−4) = φ
2(γg−4) = φ(γg−3) = αg−2, φ
2(βg−4) = φ(βg−3) = βg−2 (m is odd),
(α′g−4 = φ(γg−4) = φ
2(γg−3) = φ
3(αg−2), βg−4 = φ(βg−3) = φ
2(βg−2) (m is even)).
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We define
ψ =
{
ρ−1g−2ρg−5 · · · ρ
−1
9 ρ6σ
−1
5 σ4ρ
′−1 (m(= g−23 ) is odd)
ρg−2ρ
−1
g−5 · · · ρ
−1
9 ρ6σ
−1
5 σ4ρ
′−1 (m is even).
We note that ψ acts on the curves on Σg as follow:
α2 = ψ(x2), γ2 = ψ(α3),
ψ3(α′g−2) = ψ
2(γg−2) = ψ(γg−1) = αg, ψ
2(βg−2) = ψ(βg−1) = βg (m is odd),
(α′g−2 = ψ(γg−2) = ψ
2(γg−1) = ψ
3(αg), βg−2 = ψ(βg−1) = ψ
2(βg) (m is even)).
We define
ω =
{
σgτ
−1
g−3τg−6 · · · τ8τ
−1
5 τ2σ
−1
1 (m(=
g−2
3 ) is odd)
σ−1g τg−3τ
−1
g−6 · · · τ8τ
−1
5 τ2σ
−1
1 (m is even).
ω acts on the curves on Σg as follow:
α1 = ω(β1),
ω3(α2) = ω
2(γ2) = ω(γ3) = α
′
4, ω
2(β2) = ω(β3) = β4,
α′5 = ω(γ5) = ω
2(γ6) = ω
3(α′7), β5 = ω(β6) = ω
2(β7),
...
...
ω3(αg−3) = ω
2(γg−3) = ω(γg−2) = α
′
g−1, ω
2(βg−3) = ω(βg−2) = βg−1 (m is odd),
(αg−3 = ω(γg−3) = ω
2(γg−2) = ω
3(α′g−1), βg−3 = ω(βg−2) = ω
2(βg−1) (m is even)).
4.1.4 The genus is 5
We assume that g = 5.
We define
φ = (Tα5Tβ5Tγ4)(Tγ3Tβ3Tγ2Tβ2Tγ1Tβ1Tα′1)
−2.
By chain reltion, (Tα5Tβ5Tγ4)
4=(Tγ3Tβ3Tγ2Tβ2Tγ1Tβ1Tα′1)
8=Tα4Tα′4 Therefore,
we can find that φ4 = 1.
φ acts on the curves on Σg as follow :
φ3(α′1) = φ
2(γ1) = φ(γ2) = α3, φ
2(β1) = φ(β2) = β3,
α2 = φ(x1), φ(γ4) = β5.
We define
ψ = σ5σ4ρ
′−1.
We can find that ψ4 = 1.
ψ acts on the curves on Σg as follow :
ψ3(α′1) = ψ
2(γ1) = ψ(α3) = γ2, ψ(α2) = x2.
Figure 20: the curves s1 and s2.
Let s1, s2 the non separating simple closed curves as shown in Figure 20
We define
ω = (Tα1Tβ1Ts1)(Tγ4Tβ4Tγ3Tβ3Tγ2Tβ2Tα2)
−2.
By the chain relation, (Tα1Tβ1Ts1)
4=(Tγ4Tβ4Tγ3Tβ3Tγ2Tβ2Tα2)
8=TαgTs2 . There-
fore, we can find that ω4 = 1.
ω acts on the curves on Σg as follow :
ω3(α2) = ω
2(γ2) = ω(γ3) = γ4, ω
2(β2) = ω(β3) = β4.
4.2 Generating the Dehn twist by 4 elements of order 4
By using the lantern relation we generate the Dehn twist by 4 elements of order
4.
Since ω maps α2 to γ2, we see that
Tα2 = ωTγ2ω
−1
and
Tα2T
−1
γ2
= ωTγ2ω
−1T−1γ2 = ω(Tγ2ω
−1T−1γ2 ).
Let ω˜ denote Tγ2ω
−1T−1γ2 . Then we see that Tα2T
−1
γ2
= ωω˜.
In the case of g 6= 5, we rewrite the lantern relation as follow :
Tα1 = Tα′1 = (Tα2T
−1
γ2
)(Tx1T
−1
γ1
)(Tx2T
−1
α3
). (3)
From the argument of Section 4.1.1, 4.1.2 and 4.1.3 we can find that φ−1(α2) =
x1, φ
−1(γ2) = γ1, ψ
−1(α2) = x2 and ψ
−1(γ2) = α3. By Lemma 1 show we see
that :
(Tx1T
−1
γ2
) = φ−1(Tα2T
−1
γ1
)φ
(Tx2T
−1
α3
) = ψ−1(Tα2T
−1
γ1
)ψ.
We can rewrite (3) as
Tα1 = (ωω˜)(φ
−1ωω˜φ)(ψ−1ωω˜ψ).
In the case of g = 5, we rewrite the lantern relation as follow :
Tα3 = (Tα2T
−1
γ2
)(Tx1T
−1
γ1
)(Tx2T
−1
α1
). (4)
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From the argument of Section 4.1.3 we can find that φ−1(α2) = x1, φ
−1(γ2) =
γ1, ψ(α2) = x2 and ψ(γ2) = α
′
1 = α1. By Lemma 1 we see that :
(Tx1T
−1
γ1
) = φ−1(Tα2T
−1
γ2
)φ
(Tx2T
−1
α1
) = ψ(Tα2T
−1
γ2
)ψ−1.
We can rewrite (4)
Tα3 = (ωω˜)(φ
−1ωω˜φ)(ψωω˜ψ−1).
Hence Dehn tiwst is a product of 4 elements of order 4.
4.3 Proof that 4 elements of order 4 generate
We prove Theorem.
Theorem 7. If g is at least 3, Mg can be generated by φ, ψ, ω and ω˜.
Proof. Let G2 denote the group generated by φ, ψ, ω and ω˜.
Let α and β be simple closed curves on Σg. The symbol α
φ
←→ β (resp.
α
ψ
←→ β, α
ω
←→ β) means that either φ(α) = β or φ−1(α) = β (resp. either
ψ(α) = β or ψ−1(α) = β, either ω(α) = β or ω−1(α) = β).
If g 6= 5, we can find that Tα1 is in G2. In the case of g = 3m and g = 3m+1,
φ and ω can map α1 to all βi and γi as shown in Figure 21. If g = 3m+ 2, we
Figure 21:
need ψ other than φ, ω like Figure 22. Therefore, for all i, Tβi Tγi , are in G2.
Because ω(α2) = γ2, we can find that Tα2 ∈ G2. Therefore, all Humphries’s
generators are in G2.
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Figure 22:
If g = 5, Tα3 is in G2. The Figure 23 shows that we can send α3 to all
Humphries’s generators by φ, ψ and ω.
Figure 23:
We prove that G2 is equal to Mg for g ≥ 3.
5 Remarks
5.1 Low genus
In the case of g = 1, 2, we note that Mg can not be generated by elements
of same order. By using the argument of MacCarthy and Papadopulos [MP]
and the work of Hirose [Hi], we can see the proof. Hirose listed the Dehn twist
presentation of finite order elements for closed oriented surfaces of genera up to
4. We introduce the presentation of finite order elements in the case of g = 1, 2.
The list is as follow :
genus elements order
1 Tβ1Tα1 6
Tα1Tβ1Tα1 4
2 Tβ2Tγ1Tβ1Tα1 10
Tβ2Tβ2Tγ1Tβ1Tα1 8
Tα2Tβ2Tγ1Tβ1Tα1 6
(Tα1Tβ1Tγ1Tβ2Tα2)(Tα2Tβ2Tγ1Tβ1Tα1)
3 6
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MacCarthy and Papadopulos proved that M2 can not be generated by ele-
ments of order 2. The argument of MacCarthy and Papadopulos is as follow:
Proof. Let c be a nonseparating simple closed curve and p be the abelianization
map given by Powell’s result [Po]:
p :M2 −→ Z10
∈ ∈
Tc 7−→ 1
We can find that
p((Tβ2Tγ1Tβ1Tα1)
5) = p((Tβ2Tβ2Tγ1Tβ1Tα1)
4)
= p({(Tα1Tβ1Tγ1Tβ2Tα2)(Tα2Tβ2Tγ1Tβ1Tα1)
3}3)
= 0
p((Tα2Tβ2Tγ1Tβ1Tα1)
3) = 5.
It is easily to see that Z10 can not be generated by 0 and 5. Therefore we can
see that M2 can not be generated by elements of order 2.
By the similar proof, we can see that M1 and M2 can not be generated by
elements of same order.
Remark 8. M1 and M2 can be generated by elements of different order. For
example, M1 can be generated by Tβ1Tα1 and Tα1Tβ1Tα1 , and M2 can be gen-
erated by Tβ2Tγ1Tβ1Tα1 and Tα2Tβ2Tγ1Tβ1Tα1 .
5.2 Lower bound
The order of Mg is not finite. Therefore, we can easily find that lower bound
of the number of generators whose order are 3 (resp. 4) is 2. The author has
the following question :
Question. What is the minimal number of elements of order 3 (resp. 4) re-
quired to generate Mg?
Reference
[BF] T. E. Brendle and B. Farb. Every mapping class group is generated by 3
torsion elements and by 6 involutions. J. Algebra 278 (2004), 187–198.
[De] M. Dehn. Papers on group theory and topology. Springer-Verlag, New York,
1987 (Die Gruppe der Abbildungsklassen, Acta Math. Vol. 69 (1938),
135–206)
[Hi] S. Hirose. Presentations of periodic maps on oriented closed surfaces of
genera up to 4. Osaka Journal of Mathematics, to appear.
[Hu] S. P. Humphries. Generators for the mapping class group. Topology of
low-dimensional manifolds Proc. Second Sussex Conf. Chelwood Gate
1977, Lecture Notes in Math. 722 (1979), Springer, 44–47.
18
[Jo] D. Johnson. The structure of Torelli group I: A finite set of generators for
I. Ann. of Math. 118 (1983), 423–442.
[Ka] M. Kassabov. Generating Mapping Class Groups by Involutions.
arXiv:math.GT/0311455 v1 25 Nov 2003.
[Ko] M. Korkmaz. Generating the surface mapping class group by two elements.
Trans. Amer. Math. Soc. 357 (2005), 3299–3310.
[Li] W. B. R. Lickorish. A finite set of generators for the homeotopy group of a
2-manifold. Proc. Cambridge Philos. Soc. 60 (1964), 769–778.
[Luo] F. Luo. Torsion Elements in the Mapping Class Group of a Surface.
arXiv:math.GT/0004048 v1 8 Apr 2000.
[Ma] C. Maclachlan.Modulus space is simply-connected. Proc. Amer. Math. Soc.
29 (1971), 85–86.
[MP] J. MacCarthy and A. Papadopoulos. Involutions in surface mapping class
groups. Enseign. Math. 33 (1987), 275–290.
[Po] J. Powell. Two theorems on the mapping class group of a surface. Proc.
Amer. Math. Soc. 68 (1978), no. 3, 347–350.
Department of Mathematics, Graduate School of Science, Osaka University,
Toyonaka, Osaka 560-0043, Japan
E-mail adress: n-monden@cr.math.sci.osaka-u.ac.jp
19

